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Abstract
Lung cancer yields the greatest mortality rate of all cancers in the United States. Among
the types of lung cancer, non-small cell adenocarcinoma occurs most commonly in non-smokers.
The immune system is the body’s first response to abnormal cell behavior. However, tumor
progression often evades the immune system’s response and grows uncontrollably. This is a
result of both tumor self-defense mechanisms inhibiting the maturation of myeloid cells in the
environment, and/or natural spatial barriers of clumped tumor mass. We use a stochastic
Cellular Automaton (CA) model to study the spatial dynamics of the immune cells (myeloid
cells and T-cells) in response to tumor progression. This research explores how local effects of
tumor defense mechanisms affect the spatial dynamics of tumor growth in terms of myeloid
cell maturation and tumor proliferation. The mathematical analysis includes a mean-field
approximation (MF) through a system of ordinary differential equations. The MF model
is a non-spatial approximation to the spatially explicit Cellular Automaton model. We use
numerical simulations to explore the control and growth of tumor progression. The results
suggest that it is insufficient for mature myeloid cell quantities to surpass tumor cell quantities
in order to eradicate tumor cells or vice versa.

1

Introduction

Cancer is a term referred to as a set of diseases that are capable of sustaining proliferative signaling, resisting cell death, evading tumor suppressors, inducing angiogenesis, enabling replicative
immortality, initiating cellular invasion and metastasis [17]. A healthy cell can become cancerous
by mutations to its genes. Gene mutation of a healthy cell results in uncontrolled and malicious
behavior [17]. This may involve uncontrolled proliferation of the cell, disruption in its life cycle
and growth, which leads to a tumor. A tumor is a mass of cells with abnormal morphological and
molecular features [19, 35]. Malignant tumors spread to adjacent tissues and travel through the
bloodstream and the lymphatic system to reach distant organs. Cancers are classified according to
their tissue of origin [20, 26]. Cancers that arise in the epithelial tissue, one of the four basic tissues
of the human body, are known as carcinomas. For example, non-small adenocarcinoma arises in
the alveolar epithelium tissue [18, 26].
Lung cancer is the deadliest cancer according to the American Cancer Society [3]. Lung cancer
disrupts the healthy function of the human body by having the patient experience constant cough,
sputum streaked with blood, chest pain, breathing difficulty, and recurrent pneumonia or bronchitis
[3]. It can be diagnosed as two types: Non-Small Cell Lung Cancer (NSCLC) and Small Cell
Lung Cancer (SCLC). The NSCLC constitutes 80-85% of lung cancer patients and the remainder
corresponds to the SCLC. Approximately 45% of lung patients have 1-year relative survival rate
and only 16% of them are diagnosed at an early stage. Moreover, about 40% of patients diagnosed
with NSCLC are more likely to get a subtype of cancer known as adenocarcinoma. This type of
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cancer starts in the alveolar type-II cell, an epithelial cell with the function of secreting a protein
known as surfactant [18]. The lung surfactant directs the gas-exchange mechanism and reduces
the surface tension, which is essential for breathing [18].
The immune system detects and kills pathogens such as bacteria, viruses, parasites, and fungi.
It is also capable of detecting and killing the body’s own cells that contain abnormalities due to
an illness or mutation such as cancer cells [1, 2]. The interaction between the immune system and
cancer development has revealed that both the innate and adaptive immune system are involved in
tumor recognition [12]. The relationship between both cells can be described with the hypothesis
of cancer immunosurveillance which explains how tumor cells acquire mutations that allows them
to avoid being targeted by the immune system [13]. This process is known as cancer immunoediting, which consists of three phases: elimination of abnormal cells, the equilibrium phase where
the outgrowth of survivor tumor cells are controlled by the immune system and the escape phase
where tumor cells are capable of avoiding immune system surveillance [6].
Moreover, recruitment of immature myeloid cells (ImC) and secretion of versican, an extracellular matrix component, by tumor cells trigger myeloid maturation [15, 22]. Upon maturation,
mature myeloid cells (MmC), such as macrophages and dendritic cells, can recognize specific ligands
on tumor cells and present tumor cell-derived molecules to T-cells (CD4+ and CD8+ ). Activation
of T-cells leads to the elimination of tumor cells by secretion of granzyme and perforin. However,
tumor cells that avoid the surveillance of immune system are able to release cytokines such as GCSF, M-CSF, VEGF and IL-3 in order to suppress myeloid cell maturation [5, 13, 14, 22, 28, 31].
Cancer cells use this as a defense mechanism to evade the immune system by decreasing the production of mature myeloid cells in the body [5, 28].
Mathematical modeling of tumor growth has shown that the immune system has a vital role in
phenomena such as oscillations in tumor size, tumor inactivity, and spontaneous growth regression
[8]. While the modeling of the immune response against tumor started in 1986, a mechanistic
understanding from a spatial dynamics approach continues to lack [7]. The inhibition mechanism
that alters the balance between ImC and MmC has been studied to consider the interaction between
the tumor and the immune system. Kareva, Berezovkaya, and Castillo-Chavez [22] proposed a
system of ordinary differential equations (ODEs) to describe the growth rate changes of CD8+
T-cells, tumor cells, ImC, and MmC. Research suggests that when the number of tumor cells is
low and the immune system is strong enough, a patient can recover without treatment. Taking
Kareva, Berezovkaya, and Castillo-Chavez work as baseline, we incorporate a new element on the
study of tumor dynamics, empty space, which represents the impact of the available space left by
a cell after its death, which has not been theoretically studied [9].
The secretion of cytokines by tumor cells in the alveolar epithelium have spatial local effects
such as the inhibition of ImC maturation and the alteration of the immune cell’s role in killing
tumor cells from the tissue. Moreover, it is important to consider the spatial effects that cytokines
have on the interaction between tumor cells and the immune system and the empty space that a
cell can occupy.
Since the ODEs proposed in [22] do not describe local spatial interactions, we consider the
implementation of a stochastic Cellular Automaton model. Also, the CA model explores how local
effects of tumor defense mechanisms influence the spatial dynamics of tumor growth. These effects
are studied through the mean-field approximation approach of the stochastic Cellular Automaton
model through the local stability analysis of one tumor free equilibria (TFE). In order to simulate
the spatial dynamics of the immune response interaction, we consider the transition probabilities
from one state to another state occurring on a lattice with cardinal neighbors. In section 2, we
describe both models. In Section 3, we present the mathematical analysis of the mean-field approximation. In section 4, we present the results of the CA and MF simulations. In section 5, we
discuss the conclusion and implications of the project.

2

Methods

We use a Continuous-Time Markov Chain Cellular Automaton model with toroidal boundary
conditions in a two dimensional lattice to simulate the early stage of NSCLC adenocarcinoma based
on eight events governed by rules. In addition, we use a deterministic mean-field approximation
through ODEs, which grants us qualitative understandings of the system.

2

2.1

Stochastic Cellular Automaton Model

Our approach is based on a Continous-Time Markov Chain (CTMC) stochastic Cellular Automaton where the events are independent and the waiting time between each event is distributed
exponentially. Namely, we consider a continuous-time Poisson process for the transition events.
In order to model the spatial dynamics of the myeloid-tumor cells interactions, the cells interact
within a Von Neumann neighborhood.
The states E, T, M1 and M2 are the compartments that correspond to empty space, tumor cell,
immature myeloid cells and mature myeloid cells, respectively. The transition rate between each
state is shown in Figure 1. In Table 1, each parameter represents the rate in which an element of
each state can transition to a different state. Note that the transition events associated with the
parameters β, λ and θ depends on neighboring states of TC , T, and M2 . Here, TC represents all
the non-tumor states (E, M1 , M2 ).
We use a stochastic Cellular Automaton (CA) model with toroidal boundary conditions to
avoid boundary effects in simulations. Our CA model considers a two dimensional lattice since the
tissue we are modeling (i.e. the epithelial tissue in the alveolus) is one cell thick. In addition, for
early stages of NSCLC adenocarcinoma, there is only tumor cell growth in the specified tissue. The
simulation time is governed by the continuous time Poisson process in a markov chain. Waiting
times between events has an underlying exponential probability distribution with parameter TR
(sum of rates from all possible events) [27]. The simulation is limited to one event happening at
a time. In addition, every simulation begins with at least one tumor cell, and the placement of
tumor cells on the lattice is clumped in order to create the tumor’s "massed" nature. The relation
of each cell is compared with its four neighbors in the form of the von Neumann neighborhood
[27]. The CA is based on the transition events described in equations (1) - (8).
Table (1)
Parameters
α
ψ1
θ
ψ2
λ
ψT
β
κ1
κ2
g
b

Parameters associated to each transition event

Description
Migration of ImC in response to tumor cells
Natural death of ImC
Maturation of ImC to MmC
Natural death of MmC
Proliferation of tumor cells
Natural death of tumor cells
Tumor death induced by MmC
Natural in-flow of ImC
Natural out-flow of ImC
Inhibition of maturation of ImC by tumor cells
Migration of ImC at half the maximum rate

Value
100 day−1
0.02 day−1
0.02 day−1
0.02 day−1
0.432 day−1
0.02 day−1
0.0202 day−1
10 day−1
10 day−1
0.00125 day−1
n2
5

Source
Estimated
[22]
Estimate
[22]
[10]
[22]
Estimate
Estimate
Estimate
Estimate
Estimate

Let Rij→ii denote the rate at which an ij pair becomes an ii pair. Let Ri→j denote the rate at
which i cells become j cells in the lattice. Let Nij denote the number of j cells that are part of an
ij pair. We now give the following transition rates for the CA:

RT E→T T = λNT E
RE→M1 = E(αT /(b + T ) + κ1 )
RT M1 →T M2 = (θ − g)NT M1
RT c M1 →T c M2 = θNT c M1

(1)
(2)
(3)
(4)

RM1 →E = M1 (ψ1 + κ2 )

(5)

RM2 →E = M2 ψ2

(6)

RM2 T →M2 E = βNM2 T
RT →E = ψT T

(7)
(8)

where,
TR = RE→M1 + RT E→T T + RT c M1 →T c M2 + RT M1 →T M2 + RM1 →E + RM2 →E + RM2 T →M2 E + RT →E
3

Note that,
T c = {E, M1 , M2 }
and
NT c M1 = 4M1 − NT M1
We take the probability of an event occurring by the rate of the event divided by the total rate.
Rate (1) represents the tumor growth event that depends on the number of T E pairs times tumor
cell proliferation, λ. Rate (2) represents the tumor-dependent migration and natural inflow of ImC.
T
T
Note that for the tumor dependent migration rate given by E[α b+T
], as T → ∞, b+T
→ 1. This
means that α also represents the maximum rate of immature myeloid migration and b is the number
of tumor cells at which the immune system sends immature myeloid cells at half the maximum
rate. The natural inflow of ImC only considers the number of E cells in the lattice because it is not
dependent on neighboring states. Rate (3) represents the tumor-dependent maturation, which is
dependent on the number of T M1 pairs multiplied by (θ − g). We only consider θ ≥ g because we
want to make sure that the natural maturation of ImC is greater than the inhibition of maturation
of ImC by the presence of tumor cells. Rate (4) represents the natural maturation of ImC, which
is dependent on the number of T C M1 pairs. This event takes the number of T C M1 pairs times the
transition rate θ. Rate (5) represents the natural death of an ImC. Rate (6) represents the natural
death of an MmC. Rate (8) represents the natural death of a tumor cell. Notice how rates (5,6,8)
only depend on the quantity of the specified state multiplied by the parameter of the event (See
Table 1). Finally, rate (7) represents the death of a tumor cell by an MmC, which is dependent on
the number of M2 T pairs. This rate is evaluated by the number of M2 T pairs times the transition
rate θ.

M1

(2)
T
E(α b+T
+ κ1 )

(4)
(3)
θNT c M1 + (θ − g)NT M1

(5)
M1 (ψ1 + κ2 )

M2

ψ2 M2
(6)

(7)
(8)
βNM2 T + ψT T
E

T
λNT E
(1)

Figure (1)

Flowchart of the State Variables

Parameter g represents the difference between the tumor’s influence on immature myeloid cells
and the stimulation of the immune system on the maturation rate of immature myeloid cells
[22]. Let g1 denote tumor influence delaying maturation of immature myeloid cells and g2 denote
immune system influence on maturation of immature myeloid cells. We have that g is given by
g = g1 − g2 . If g is negative, that means that the immune system has a stronger influence on
myeloid cells’ maturation. Otherwise, tumor cells have a much greater inhibition influence on the
maturation of myeloid cells. Here, g1 takes the form of activation suppression of ImC caused by
the production of VEGF and other maturation-suppressing cytokines by the tumor[22]. The g2 is
a natural immune response to the presence of the tumor in the body that increases the stimulation
of ImC maturation. Moreover, we consider just the case when 0 < g ≤ θ in order to increase the
probability of the tumor dependent maturation event. This event is described by the rate (3).
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Figure (2) A visualization of the non-constant probability intervals that the Cellular Automaton
algorithm chooses from to determine which event to execute next.
ImC flow into and out of the lungs as blood continues to circulate throughout the body. Also,
inflow of ImC occurs when ImC identifies tumor cells [30]. If there are tumor cells and available
space, then a random E is chosen and changed to an M1 . Our model simulates tumor proliferation
but not cancerous cell growth [25]. The tumor proliferation event randomly selects a TE pair and
updates the state E by T. Immature myeloid cells can mature to a mature myeloid cell as mentioned
before. The natural maturation event randomly select a T c M1 pair and the M1 changes to the
M2 state. On the other hand, ImC with a tumor neighbor have a lower probability of maturation
because of the tumor defense mechanism [22]. The tumor-dependent maturation event randomly
selects a T M1 pair and the M1 changes to the M2 state.
Moreover, ImC naturally die due to programmed cell death [21]. The ImC natural death event
randomly selects a M1 and replaces it with an E state. Analogously, MmC are removed from a
tissue due to programmed cell death [21]. The MmC natural death event randomly selects an M2
and replacess M2 with E. The MmC is able to identify tumor cells and secrete perforin \ granzyme
to kill tumor cells[16]. The tumor death event by MmC randomly selects a M2 T pair and changes
it by an empty space. The programmed cell death of tumor cells generate empty spaces that can
become occupied [24]. The tumor natural death event randomly selects T and replaces it with E.
The simulation rules for the CTMC Cellular Automaton are given as follows:
(A) The simulation begins with selection of a random event based on rates and total rate.
Selection of random value between 0 and 1 satisfies that r ∼ U (0, 1). The value r translates
to the selection of an event represented in Figure 2.
(B) The simulation generates a random waiting time from an exponential distribution with parameter equal to the total rate. The time for the next event is given by ti+1 = ti +Exp(TR (ti )).
(C) For the execution of the event, the i-th event is chosen if


i−1
i
X
X
r∈
Pj ,
Pj  ,
j=0

j=0

where event number 1 is associated with transition E → M1 , event number 2 is associated
with T E → T M1 , and so on.

Before Tumor Proliferation Event

Figure (3)

After Tumor Proliferation Event
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Tumor Proliferation Event. A portion of the lattice with the color coded of each state.

Furthermore, Figure 3 shows an example of a step in the simulation of the CA. In this example,
the event that has been selected is tumor proliferation in which case, we consider the lattice screenshot to the left and the selection of a random T E pair (i.e. coordinates (3, 1) = E and (3, 2) = T ),
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then the E in the T E pair is replaced with a T which is represented by the lattice screen-shot to
the right.

2.2

Mean Field Approximation

A deterministic approach can be approximated through non-spatial interactions of the ImC, MmC,
tumor cells, and empty space from the Markov chain states. The mean field (MF) approximation
is given through the ODEs defined by the in-flows and out-flows of each state. Although the MF
allows for mathematical analysis in order to gain qualitative understanding of the system, it does
not consider local interaction such as spatial effects on the lattice. Instead, the MF approximation
considers global interactions of the state variables and assumes a well mixing. Here, well mixing
refers to different neighboring states of the center cell. Since the stochastic CA model considers
the number of pairs, we need a different approach to incorporate the number of pairs into the MF
model. For instance, we estimate the value of the number of T M1 pairs by taking the proportion
T
)M1 . We used a
of tumor cells times the number of M1 cells, this gives the final result, (4θ − g N
similar approach for the other pairs described in the stochastic CA model (see Section 2.1).
dE
M2
E
T
= (ψ1 + κ2 )M1 + ψ2 M2 + βT
+ ψT T − λT
− E(α
+ κ1 )
dt
N
N
b+T
T
T
dM1
= E(α
+ κ1 ) − (ψ1 + κ2 )M1 − (4θ − g )M1
dt
b+T
N
(9)
dM2
T
= (4θ − g )M1 − ψ2 M2
dt
N
dT
E
M2
= λT
− ψT T − βT
dt
N
N
Due to the interactions between the MmC and tumor cells, this model agrees with biological
assumptions such as the tumor-dependent migration of ImC, tumor death induced by MmC and
the natural exchange flow of ImC. The main interactions between the myeloid and tumor cells
are described in the flow chart below (See Figure 1). In addition, this model also represents the
tumor defense mechanism that inhibits the maturation of the ImC. This is represented by the rate
T
4θ−g N
. The approximation of tumor dependent maturation rate with T M1 pairs is represented by
M1
. We conclude this result because of two possible ImC maturation events that
the expression g T N
can occur, the natural maturation rate and the tumor influenced maturation rate. The natural
maturation rate is expressed as θNT C M1 where the rate θ represents natural maturation which
is dependent on the number of T C M1 pairs. Equivalently, the natural maturation rate can be
expressed as θ(4M1 − NT M1 ). The tumor influenced maturation rate is expressed by (θ − g)NT M1 ,
where we take the difference between the rate of natural maturation and maturation in response
to a tumor cell by the number of T M1 pairs. Combining both of these equations results in the
following expression: 4θM1 − gNT M1 .

3
3.1

Mathematical Analysis
Mean Field Approximation: Equilibria and Stability

The total population is constant because we consider a fixed lattice size, we can take N = E +
M1 + M2 + T and solve for E (i.e. E = N − M1 − M2 − T ) then substitute E = N − M1 − M2 − T
into our equations. Notice that the last three equations no longer have dependence on E, so we
can reduce our 4D system to a 3D system by eliminating dE
dt . We then obtain:
dM1
T
T
= (N − M1 − M2 − T )(α
+ κ1 ) − (ψ1 + κ2 )M1 − (4θ − g )M1
dt
b+T
N
dM2
T
= (4θ − g )M1 − ψ2 M2
dt
N
dT
(N − M1 − M2 − T )
M2
= λT
− ψT T − βT
dt
N
N
Next, we consider the Jacobian associated with the reduced system:
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(10)



gT
N

−

αT
b+T

gM1
N

Tα
− b+T
− κ1

− 4θ − κ1 − κ2 − ψ1
4θ − gT
N
− TNλ




−ψ2
− TNλ

M β
− N2

− TNβ

+





α
Tα
−
b+T − (b+T )2
gM1
− N
(−M1 −M2 +N−T )λ
− ψT − TNλ
N

+ (−M1 − M2 + N − T )

κ1 −

Tα
b+T





Our Tumor Free Equilibrium is given by:


κ1 Nψ2
4θκ1 N
M1 →
, M2 →
,T → 0
4θκ1 + 4θψ2 + κ1 ψ2 + κ2 ψ2 + ψ1 ψ2
4θκ1 + 4θψ2 + κ1 ψ2 + κ2 ψ2 + ψ1 ψ2



Evaluating at the Tumor Free Equilibrium, we obtain the following matrix:

Nα(4θ+κ2+ψ1 )ψ2 +bκ1 (gψ2 −(κ1 +κ2 +ψ1 )ψ2 −4θ(κ1 +ψ2 )) 
−4θ − κ1 − κ2 − ψ1 −κ1
4bθκ1 +b(4θ+κ1 +κ2 +ψ1 )ψ2


1 ψ2
4θ
−ψ2
− (κ1 +κ2 +ψ1gκ


)ψ2 +4θ(κ1 +ψ2 )
−4βθκ1 +λ(4θ+κ2 +ψ1 )ψ2 −((κ1 +κ2 +ψ1 )ψ2 +4θ(κ1 +ψ2 ))ψT
0
0
(κ1 +κ2 +ψ1 )ψ2 +4θ(κ1 +ψ2 )
with associated eigenvalues:

1 p 2
a1 =
− 16θ + 8θ(−κ1 + κ2 + ψ1 − ψ2 ) + (κ1 + κ2 + ψ1 − ψ2 )2 − 4θ − κ1 − κ2 − ψ1 − ψ2 ,
2

1 p 2
a2 =
16θ + 8θ(−κ1 + κ2 + ψ1 − ψ2 ) + (κ1 + κ2 + ψ1 − ψ2 )2 − 4θ − κ1 − κ2 − ψ1 − ψ2 ,
2
−4βθκ1 − ψT (4θ(κ1 + ψ2 ) + ψ2 (κ1 + κ2 + ψ1 )) + λψ2 (4θ + κ2 + ψ1 )
a3 =
.
4θ(κ1 + ψ2 ) + ψ2 (κ1 + κ2 + ψ1 )
(11)
According to the Routh-Hurwitz stability criterion, the tumor free equilibrium is stable if and only
if all real parts of the eigenvalues are negative. In other words, the TFE is stable if and only if
a2 < 0 and a3 < 0, i.e.
0<λ≤

4βθκ1
ψ2 (4θ + κ2 + ψ1 )

and

| 4θ + κ1 + κ2 + ψ1 − ψ2 | ≥ 4

p
θκ1 .

We calculated the basic reproductive number (R0 ) using the next generation operator [34].
When using the next generation method, we denote x = {x1 , x2 , ..., xn } to represent n tumorous
host compartments and y = {y1 , y2 , ..., ym } to represent m other host compartments. In addition,
we take the rate at which new tumor cells enter the compartment i as Fi and the transfer of cells
x
out of and into the ith compartment as −Vi . This is expressed as: d~
dt = Fi − Vi .
d
d
F
and V =
V
.
d~x T F E
d~x T F E
We then express the rate at which individuals in compartment j generate new tumor cells in compartment i by the average length of time a cell spends in a single visit to compartment j as F V −1 .
The R0 is then given by the dominant eigenvalue for F V −1 (i.e. ρ(F V −1 )). In our case, we obtain
a single value for F V −1 , which is the resulting R0 value.
E
2
Now, in our 3D system, x = {T } and y = {E, M1 , M2 } so F = λT N
and V = ψT T + βT M
N .
We then obtain F by evaluating the partial derivative of the x by the desired compartment
E
∗
∂(λT N
)
= λ EN . Similarly, we obtain V −1 by evaluating the partial derivative of the y by the
∂T
Then F =

desired compartment:

∂(βT

M2
N

+ψT T )
∂T

=β

M2∗
N

+ ψT . Then, by taking F V −1 we obtain the following:

R0 =

λE ∗
N ψT + βM2∗

(12)

Now, we substitute values from the tumor free equilibrium:
R0 =

λψ2 (4θ + κ2 + ψ1 )
.
4βθκ1 + 4θψT (κ1 + ψ2 ) + ψ2 ψT (κ1 + κ2 + ψ1 )

(13)

We perform some simplification of the R0 to best interpret the biological meaning. Please refer to
Appendix for the step by step simplification. The simplified R0 result yields:
R0 =

λ
; where
ψT (RM1 + RM2 RM1 + 1) + βRM2 RM1
7

RM1 =

κ1
4θ
, RM2 =
4θ + κ2 + ψ1
ψ2

(14)

Hence, we can notice that the terms RM2 and RM1 are related with the quotients between the
inflows and outflows of the states M2 and M1 , respectively. These quotients represent the influence
of the ImC and MmC on tumor growth. In other words, the increment of MmC and ImC results
in the decrement of R0 for tumor growth.
The quantity RM2 is expressed as the quotient of natural maturation of myeloid cells (θ), and
natural death of MmC, (ψ2 ). For MmC to increase in quantity, their maturation rate must be 4
times faster than their death rate. On the other hand, the quantity RM1 is expressed as the quotient
of natural inflow of ImC into the system, (κ1 ), to the sum of the rates of natural maturation rate
of ImC, (θ), the outflow of ImC rate from the system, (κ2 ), and the natural death rate of ImC, ψT .
For ImC to increase in quantity, their inflow rate must be faster than 4 times the sum of natural
maturation rate, outflow, and natural death rate.
In addition, the term RM1 RM2 (β + ψT ) represents the influence of the ImC and MmC rates to
the tumor death outflows (natural and M2 dependent death). Enough increment of the parameter θ
results in the critical maturation of most myeloid cells, which can be interpreted as the effect of the
immune system on the total outflow rate of tumor cells. In other words, this increment contributes
decreasing the R0 for a stable tumor free equilibria. Under the assumption that RM1 = RM2 = 1
we get R0 = 3ψTλ+β , which means that under a uniform flow interchange of M1 and M2 the natural
tumor death has more influence in the stability of the tumor free equilibria.

R0 > 1

Mean Field Simulations

60

M1
M2
T

40
20
0

0

100

200
300
Time (days)

400

Number of Cells

Number of Cells

80

80

M1
M2
T

60
40
20
0

500

R0 < 1

0

20

40
60
Time (days)

80

100

Figure (4) 10 x 10 Lattice. Initial Conditions: (1) T0 = 1, M1,0 = 20, M2,0 = 10 (2) T0 =
30, M1,0 = 20, M2,0 = 10 (3) T0 = 60, M1,0 = 20, M2,0 = 10.
R0 < 1. Parameter Values Used: α = 4, ψ1 = 0.005, θ = 0.2, ψ2 = 0.02, λ = 0.4, ψT = 0.025, β =
0.015, κ1 = 0.5, κ2 = 0.5, g = 0.3, b = 5.
R0 > 1. Parameter Values Used: α = 4, ψ1 = 0.01, θ = 0.2, ψ2 = 0.02, λ = 0.8, ψT = 0.005, β =
0.01, κ1 = 0.2, κ2 = 0.2, g = 0.2, b = 50.
Figure 4 shows two simulations of the mean field approximation when R0 < 1 and R0 >
1, respectively. Notice that for all three realizations of R0 > 1 for tumor growth, a steadystate endemic is achieved which is in agreement with the value of the R0 . In addition, all three
realizations show that the ImC go to zero and that the MmC reach a steady-state by day 500 of
the simulation. As for all three realizations of R0 < 1 for the tumor, tumor death is achieved by
day 100 which is in agreement with the value of the R0 . Also, we notice that the MmC reach a
steady-state while ImC goes to zero.

4

Results

In this section, we present the results and a brief interpretation of the simulations for the CA
model. We manipulated the default parameters of Table 1 to observe stochastic tumor endemic,
tumor extinction, and tumor-myeloid coexistence scenarios through parameter sweep simulations.

4.1

CA Simulation: The Influence of lattice size on tumor size

In this project, we accounted for space as a major piece in the behavior of our system. A question
we were concerned about included the effect of the lattice size (n) on the tumor cells’ success rate
at reaching steady-state. In other words, we wanted to address under what dimension of the lattice
tumor is most likely to persist. We ran simulations using the Cellular Automaton in which the
initial conditions of tumor cell quantity is one tenth of the lattice size. Figure 5 shows that the
proportion of tumor cells at steady state, nT2 , decreases as the lattice size increases. We can notice

8

that the behavior is similar to the function f (x) = x12 which means that the steady states of the
tumor cells do not present a significant change through an increment of the lattice size.

Figure (5) Proportion of tumor cells at steady-state with respect to n by n lattice size.
Parameters used: α = 0.6, ψ1 = 0.1, θ = 0.9, ψ2 = 0.1, λ = 0.9, ψT = 0.05, β = 0.05, κ1 = 0.05, κ2 =
0.05, g = 0.1, b = 3

4.2

CA Simulation: Endemic Tumor

2

Figure (6) Endemic tumor spread during 400 days. Parameter values used: b = 105 , g = 0.00125,
α = 100, ψ1 = 0.02, ψ2 = 0.02, ψT = 0.02, β = 0.0202, λ = 0.432, θ = 0.002, κ1 = 10, and κ2 = 10.
The initial conditions are: T0 = 20, M1,0 = 0, and M2,0 = 0. Size of of the lattice: 10 by 10. T
cells: red, MmC: blue, ImC: green.
If the value of the natural maturation rate of ImC (θ) decreases, we expect tumor cells to
proliferate without control because less MmC are available to kill tumor cells. This idea is confirmed
by the results shown in Figure 6, in which tumor cells (red) reach a steady-state behavior towards
the end of the 400 days. The MmC (blue) become extinct before the ImC because the number
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of tumor cells increases rapidly and inhibit the maturation of ImC. In this scenario, the immune
system is not sufficient to eradicate tumor cells. Also, note that the tumor cells reach a boundary
condition given by the size of the lattice. In other words, this simulation represents tumor spread
limited by the size of the tissue (lattice).

4.3

Tumor and Mature Myeloid Cells Coexistence

Coexistence between the myeloid cells and the tumor cells occurs when both persist in surviving
and fail at eradicating each other despite increase and decrease in quantity throughout time. If
the rate at which the tumor cells are killed by MmC (β) decreases, we expect to see an increase in
the survival of tumor cells. This idea is confirmed by Figure 7, where we can see tumor-myeloid
interactions for a small value of the parameter g, that is the inhibition of maturation of ImC by
tumor cells. Hence, we can simulate an earlier stage of tumor growth expansion for the case when
tumor cells evolve to avoid immunosurveillance. Moreover, in Figure 8, the tumor-myeloid cells
interactions are shown in many different stochastic simulations. The coexistence behavior shows
that the population size of ImC is almost eradicated which means that maturation is high when
most of these cells are maturing. This trend continues throughout 5000 days.
Note that in Figure 7 the population of ImC does not undergo extinction compared to the ImC
population of Figure 8. Indeed, in Figure 7 there is an interaction between tumor, MmC, and
ImC, whereas in Figure 8 the only interaction that occurs is between tumor and MmC. Moreover,
in Figure 8 the only events that occur are the natural death of MmC, the natural death rate of
tumor cells, and tumor death by MmC. This explains why the interaction between tumor and
MmC appear as mirror images of each other (See Figure 8).

Figure (7) Tumor and myeloid Coexistence simulation. Size of lattice is 10 by 10, and parameter
2
values are: b = 105 , g = 0.00125, α = 100, ψ1 = 0.02, ψ2 = 0.02, ψT = 0.02, β = 0.00202,
λ = 0.432, θ = 0.02, κ1 = 10, and κ2 = 10. The initial conditions are: T=20, M1 = 0, and
2
M2 = 0. With b = n5 we obtain tumor extinction. T cells: red, MmC: blue, Imc: green.

4.4

CA Simulation: Tumor extinction

We run a simulation with the values of Table 2 and we obtained a scenario in which we expect to
observe tumor extinction driven by MmC. As seen in Figure 9, tumor cells reach a peak approximately between the first to the fiftieth days interval and then undergoes extinction. Whereas the
MmC increase, and the ImC population remains low but do not undergo extinction.
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Figure (8) Five stochastic simulations for the tumor-myeloid cells interaction, using a 10 by 10
lattice and the following parameter values: b = 10, g = 0.15, α = 1, ψ1 = 0.02, ψ2 = 0.02,
ψT = 0.015, β = 0.01, λ = 0.6, θ = 0.2, κ1 = 0.2, and κ2 = 0.2. The initial conditions are: T0 = 1,
M1,0 = 0, and M2,0 = 0. T cells: red, MmC: blue, ImC: green.

Cellular Automata: Tumor Extinction by MmC
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Figure (9) Tumor extinction by the immune system with a lattice size 10 by 10. Tumor = Red,
ImC = Green, MmC = Blue. The parameter values used are the same as in Table 1. The initial
conditions are: T0 = 20, M1,0 = 0, and M2,0 = 0. T cells: red, MmC: blue, Imc: green.

4.5

Parameter Sweep

We identified the maturation rate of proliferation of tumor cells rate (λ), tumor induced death
by MmC rate (β), ImC natural maturation (θ), and the natural in-flow of ImC (κ1 ), as the most
important parameters that affect the spatial dynamics of tumor progression. To observe the effects
of each parameter on the tumor’s behavior, we conducted simulations of parameter sweeps through
the Cellular Automaton for each parameter mentioned above, and look at the relationship they
have with the equilibrium states of T, M1 and M2 .
Let’s consider the parameter sweep of λ:
For the parameter sweep of λ in figure 10, the equilibrium values of each state were calculated
by taking the end values of each realization. Three realizations were ran in this simulation. Recall
that λ represents tumor growth. In addition, notice that the first two values selected to simulate,
along with the other parameter values, create an R0 value less than one. For these first two values,
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The Relationship Between Division of Tumor Cells and Equilibrium
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Figure (10) Parameter sweep on λ with values of 0.0932, 0.105, 0.432 and 0.6, using a 10 by 10
lattice size. End time = 500 days.
Parameter Values: α = 100, ψ1 = 0.02, ψ2 = 0.02, λ = 0.432, ψT = 0.02, β = 0.00202, κ1 = 10,
2
κ2 = 10, b = n5 , θ = 0.02, g = 0.00125. Initial conditions: T0 = 20, M1,0 = 0,M2,0 = 0. End Time
= 500 days.
we notice a tumor free equilibrium. This is due to a lower tumor growth rate compared to the rate
at which the states influence decay of tumor growth. The last two λ values along with the other
parameter values indicate an R0 greater than one. The resulting simulations indicate that the
tumor equilibrium reaches an endemic. Here, the parameter sweep of λ results in the conclusion
that the mean-field approximation is able to captivate the relation between tumor growth and the
tumor equilibria; results also expressed via the Cellular Automaton (CA).
Let’s now consider the parameter sweep of β:

80
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The Relationship Between Tumor Death by MmC and Equilibrium
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Figure (11) Parameter sweep on β with values between 0 and 0.16, using a 10 by 10 lattice size.
End time = 500 days.
2
Parameter Values: α = 100, ψ1 = 0.02, ψ2 = 0.02, λ = 0.432, ψT = 0.02, κ1 = 10, κ2 = 10, b = n5 ,
θ = 0.02, g = 0.00125. Initial conditions: T0 = 20, M1,0 = 0,M2,0 = 0. End Time = 500 days.
For the parameter sweep of β in figure 11, the equilibrium values of each state were calculated
by taking the end values of each realization. Three realizations were ran in this simulation. Recall
that the parameter β represents the death of a tumor by MmC. The first two values, along with
12

the values of the other parameters, create an R0 value greater than one. The first value shows a
clear case that the tumor equilibrium is endemic due to a greater rate for tumor growth compared
to the rate at which tumor growth is inhibited. We notice here that the mean-field approximation
is able to represent the behavior of this parameter on the tumor equilibrium. While the second β
value indicates that the value of R0 is greater than one, the simulation shows that there is a tumor
free equilibrium. This contradicting information can be due to the mean-fields inability to capture
the spatial effects that the CA expresses. The last three simulated values of β, along with the
other parameter values, create an R0 less than zero, which implies a tumor free equilibrium. This
is due to a lower tumor growth rate compared to the rate at which other states influence decay of
tumor growth. Let’s now consider the parameter sweep of θ:
The Relationship Between Myeloid Maturation and Equilibrium
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Figure (12) Parameter sweep on θ with a range from 0.00125 to 0.1, using 10 by 10 lattice size.
Parameter Values: α = 100, ψ1 = 0.02, ψ2 = 0.02, λ = 0.432, ψT = 0.02, β = 0.0202, κ1 = 10,
2
κ2 = 10, g = 0.00125, b = n5 . Initial conditions: T0 = 20, M1,0 = 8,M2,0 = 4. End Time = 500
days.
For the parameter sweep of θ in figure 12, the equilibrium values of each state were calculated
by taking the end values of each realization. Two realizations were ran in this simulation. Recall
that θ represents the rate of maturation of ImC. Notice how the increase in rate of the MmC and
ImC makes the tumor equilibrium go to zero due to the increase in probability that a tumor dies by
the influence of an MmC. This is justified by the increase in the equilibrium of MmC as evidence
of increasing maturation rate. In addition, we notice that as the equilibrium of MmC increases
due to the parameter increase, there is a direct relationship with the decrease in equilibrium of the
ImC. This can be justified by the fact that the MmC cells directly reduces the number of ImC.
Let’s now consider the parameter sweep of κ1 :
For the parameter sweep of κ1 in figure 13, the equilibrium values of each state were calculated
by taking the end values of each realization. Three realizations were ran in this simulation. Recall
that the parameter κ1 represents the rate of ImC in-flow. As our in-flow of ImC increases, the
tumor equilibrium steadily decreases. The M1 equilibrium seems to not fluctuate as we increase
the parameter. However, we do notice that there is an increase in M2 equilibrium. This can be
justified by an increase in the maturation of ImC as there is an increase in the in-flow of ImC.
The first two values of κ1 , along with all other parameter values, indicate an R0 greater than one,
which represents a tumor endemic equilibrium. The results of tumor equilibrium for these first two
values of κ1 , show a correct approximated portrayal of the mean-field in comparison with the CA
results. However, the last two values of κ1 , along with the all other parameters, indicate an R0
value less than one, which represents a tumor free equilibrium. In this case, the R0 value of the
mean-field approximation does not correctly represent the results of the CA since we notice that
there is still an endemic tumor equlibria. This can be due to the mean-fields inability to model
the spatial effects of the system. It is worth noting that if we continue to continue to increase the
parameter value of κ1 , the tumor will eventually die.
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The Relationship Between Natural In-Flow of ImC and Equilibrium
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Figure (13) Parameter sweep on κ1 with a range from 20 to 50, using 10 by 10 lattice size.
Parameter Values: α = 100, ψ1 = 0.02, ψ2 = 0.02, λ = 0.432, ψT = 0.02, β = 0.00202, κ2 = 10,
2
g = 0.00125, b = n5 , θ = 0.02. Initial conditions: T0 = 20, M1,0 = 0,M2,0 = 0. End Time = 500
days.

Stochastic Cellular Automaton vs Mean Field Approximation
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Figure (14) Mean-Field simulations considering parameters used in CA simulations of Figure 6,
and 9. Left: Endemic tumor growth. Right: Tumor extinction (right).
On one hand, we notice similar behavior in figures 14 and 6 for a tumor endemic behavior with
R0 = 7.17 which means that the tumor free equilibria is unstable. The main difference between
both models is given by the steady state of tumor cells where 80 stands for the CA model and 40
for the MF approximation. On the other hand, we can notice that both figures 14 and 9 represent
tumor extinction behavior for the tumor steady state of each simulation. Analogously, we have
that the steady state at t = 400 days is approximately T ∗ = 20 for the CA and T ∗ = 0 for the MF
approximation. From both scenarios we can conclude that the MF approximation underestimates
the R0 for the tumor survival threshold in the CA.
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Discussion

In this project, we studied the spatial dynamics of non-small cell adenocarcinoma at the initial
stages in the epithelial tissue of an alveolus. A stochastic Cellular Automaton (CA) model was
developed in the form of a continuous-time Markov chain to capture the local effects of tumor cells’
defense mechanism (the secretion of cytokines that inhibit the maturation of immature myeloid
cells). Each cell is in one of the following states: empty, immature myeloid cell, mature myeloid
cell, or tumor. All transition events between one state variable to another are independent and
the waiting time between each event is distributed exponentially. For this Poisson process, the
states are given by a Markov chain where the state variables are distributed in a Von Neumann
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neighborhood with toroidal boundary conditions. We noticed that the lattice size do not affect the
steady state of tumor cells for the CA model as mentioned before in figure 5.
In addition, we considered the mean-field approximation of the stochastic Cellular Automaton
through an ODE system to observe non-spatial interactions of immature myeloid cells, mature
myeloid cells, and tumor cells from a deterministic perspective. The ODE system is defined by the
difference between the in-flows and out-flows of each state. Through the mean-field approximation,
we analyzed the local stability related with the tumor-free equilibrium of the system. In contrast
to Cellular Automaton, this approximation allowed the analysis of global interactions instead of
local interactions, assuming a well mixing between variables. In addition, we found a R0 and
addressed its meaning with regards to the tumor free equilibrium. We provided a simulation of
the mean-field conditions that satisfy an R0 < 1 and R0 > 1 which describes a tumor extinction
The parameters used in Figure 7 and 8 for the Cellular Automaton simulations show that there
exists a co-existence between mature myeloid cells and tumor cells. These suggest that despite the
surpassing of mature myeloid cell quantity over tumor cell quantity, it is not sufficient for tumor
eradication. The possibility of coexistence implies two things. First, despite the ability of mature
myeloid cells to mass to a quantity greater than tumor cell numbers (Figure 9), the tumor cell
population is able to adjust their defense mechanism and exploit space in such a way that allows
them to survive and evade eradication. Second, despite tumor cells ability to mass to quantities
greater than myeloid cell numbers (Figure 9), myeloid cells can still maintain a steady population
count. This co-existence can be explained by tumor immunoediting phases: designed elimination,
equilibrium, and escape [29]. The immune system tries to eradicate tumor cells from the body but
is not always successful. This causes surviving tumor cells to evolve and proliferate [29, 23]. This
cycle continues and surviving tumor cells continue to evolve. The tumor cells that evolve become
better at evading the immune system, develop resistance to other physical attacks, and are more
effective at suppressing anti-tumor immune responses which leads to the escape phase [29, 33]. In
particular, tumor cells induce CD11b+ Gr-1+ cells that suppress myeloid cells in order to evade the
immune system [33].
We swept the most critical parameters related with the tumor growth (θ, β, λ, and κ1 ) through
CA simulations in order to look for critical behaviors of the system. We found a set of ranges to
analyze for four parameters (θ, β, λ and κ1 ) based on R0 evaluations less than one and greater
than one. This allowed for a comparison of the results between the mean-field approximation and
the cellular automaton in which case there were various situations where the mean-field results
(the evaluated R0 based on parameter values simulated) did not relate to the results from the
cellular automaton simulations. This ultimately allowed us to notice the limitation of the meanfield approximation in its inability to model the spatial dynamics of the system. We obtained three
equilibrium points, one tumor free and at least one tumor endemic (See Figure 4). We obtained
an expression for R0 and performed simulations on tumor growth for R0 < 1 and 1 < R0 at the
tumor free-equilibrium in which case our tumor went to extinction and steady-state, respectively.
In Figure 14 we used the same parameter values for tumor endemic as in Figure 6 and for
tumor extinction as in Figure 9. The results of Figure 14 underestimates the results of Figure 6
and 9. For instance, the results of the stochastic cellular automaton simulations of tumor endemic
shows that the number of tumor cells is around 80, whereas the mean field simulations suggest that
the number of tumor and immature myeloid cells are around 40. Similarly, for tumor extinction,
the results of the stochastic cellular automaton shows that the number of mature myeloid cells
is around 80, whereas in the mean field simulations the number of mature myeloid cells reach a
boundary condition given by the total number of cells of the simulation.
Figure 6 represent cases of rapid tumor spread. The proportion of initial tumor cells with
respect to the lattice size is 15 . After the first 50 days, tumor cells reach a boundary condition
given by the lattice size. At this stage, the tumor cells are defined as carcinoma in situ, which is
a group of tumor cells that are found on the same tissue where they arose [4]. However, due to
the aggressive behavior of tumor spread it is possible for this clump of tumor cells to spread to
invade main bronchus and visceral pleura [32]. The stage in which tumor cells overcome immune
recognition and become clinically noticeable is also known as scape stage [6]. Moreover, tumor
cells in the escape stage are able to secrete cytokines, as a defense mechanism, that leads to an
enhanced tumor proliferation and metastasis [6]. Note that manipulating the rates of inhibition of
maturation of immature myeloid cells by tumor cells (g), tumor death induced by mature myeloid
cells (β), and maturation of immature myeloid cells (θ), we can obtain a change in the behavior of
tumor cells and how they spread in the lattice. These findings could lead to the implementation of
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new cancer immunotherapies that boost the activation of mature myeloid cells against tumor cells
in order to halt tumor spread and metastasis. Several studies have shown that mature myeloid cells
are able to recognize and present tumor cell-derived molecules to T-cells, which are responsible to
kill tumor cells by the secretion of perforin [22, 14, 31, 5, 28].
A large number of mature myeloid cells can kill tumor cells and decrease the tumor population,
as seen in Figure 9. Nowadays, mature myeloid cell-based immunotherapy is able to enhance the
production of mature myeloid cells, thus increasing the number of tumor cells that are presented
to T-cells for their elimination [11]. Furthermore, our stochastic Cellular Automaton model and
Mean Field approximation confirms the potential efficacy of myeloid cell-based immunotherapies,
as seen in Figure 12, increasing the value of θ from 0.01 to 0.04 affect the steady state of tumor
cells and mature myeloid cells. This is, small values of θ promotes tumor endemic tumor spread,
whereas high values of θ lead to an increase in the population of mature myeloid cells and tumor
extinction despite the tumor defense mechanism. This result is also confirmed by our R0 (See
Figure 4).

6

Conclusions

The discrete space of our stochastic CA model enables us to study the spatial dynamics of cancer
at the cell-to-cell interaction level. Other key aspects of our model are the inclusion of immature
myeloid cells migration in response to tumor cells, the local effects of the defense mechanism of
tumors against maturation of myeloid cells, and the empty space that a cell leaves after death.
Nowadays, myeloid cell-based immunotherapies focus on raising the levels of mature myeloid cells
which are able to kill and present tumor cells to T-cells, thus stimulating the immune system
to fight tumor cells and halt tumor proliferation and metastasis. Our model enables researchers
to study the three phases of immunoediting: elimination equilibrium and scape, and gain more
insight about the complex interactions between the immune system and tumor cells at early stages
of non-small cell adenocarcinoma.
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Future Work

Despite the results of this project, more stochastic Cellular Automaton simulations with a bigger
lattice size and for a greater number of days are needed in order to examine more effective cancer treatment strategies among practitioners and medical doctors in the field. Moreover, further
analysis on the behavior of tumor cells and their interaction with the immune system would help
researchers gain a deeper understanding about the mechanistic behavior of caner. In addition,
similar simulations can be implemented to study the behavior of cell competition and its effects
on the tissue.
For the mean-field approximation, we considered an expected value approximation of the number
of T M1 and T M2 pairs. Future works can be done on finding the actual expected values of T M1
and T M2 pairs in order to best implement the mean-field approximation. Pair-approximations
could also be considered in future work because they will allow more accurate approximations of
the spatial dynamics for the system.

8

Acknowledgements

We would like to thank Dr. Carlos Castillo-Chavez, Founding and Co-Director of the Mathematical
and Theoretical Biology Institute (MTBI), for giving us the opportunity to participate in this
research program. We would also like to thank Co-Director Dr. Anuj Mubayi as well as Coordinator
Ms. Rebecca Perlin and Management Intern Ms. Sabrina Avila for their efforts in planning and
executing the day to day activities of MTBI. We also want to give special thanks to Dr. Christopher
Kribs. This research was conducted as part of 2018 MTBI at the Simon A. Levin Mathematical,
Computational and Modeling Sciences Center (MCMSC) at Arizona State University (ASU). This
project has been partially supported by grants from the National Science Foundation (NSF – Grant
MPS-DMS-1263374 and NSF – Grant DMS-1757968), the National Security Agency (NSA – Grant
H98230-J8-1-0005), the Alfred P. Sloan Foundation, the Office of the President of ASU, and the
Office of the Provost of ASU.

16

9
9.1

Appendix
R0 Computation

In section 3.1, for the equation (28) consider the following computation in order to get (29):
R0 =
R0 =
R0 =
R0 =
R0 =
R0 =

λψ2 (4θ + κ2 + ψ1 )
4βθκ1 + 4θψT (κ1 + ψ2 ) + ψ2 ψT (κ1 + κ2 + ψ1 )
λ
4θ(βκ1 +(κ1 +ψ2 )ψT )+(κ1 +κ2 +ψ1 )ψ2 ψT
ψ2 (4θ+κ2 +ψ1 )

λ
4θ(βκ1 +κ1 ψT )+κ1 ψ2 ψT +(4θ+κ2 +ψ1 )ψ2 ψT
ψ2 (4θ+κ2 +ψ1 )

λ
ψT +

κ1 (4θβ+4θψT +ψ2 ψT )
ψ2 (4θ+κ2 +ψ1 )

ψT +

4θβκ1
ψ2 (4θ+κ2 +ψ1 )

ψT +

T
γκ1 ( β+ψ
ψ2

λ
+

4θψT κ1
ψ2 (4θ+κ2 +ψ1 )

ψT
4θ

)

+

κ1 ψT
4θ+κ2 +ψ1

λ
+

(15)

where
γ=
R0 =

4θ
(4θ + κ2 + ψ1 )
λ
ψT + RM2 (RM1 (β + ψT +

ψT
RM2

))

λ
ψT (RM1 + 1) + RM2 RM1 (β + ψT )
λ
=
ψT (RM1 + RM2 RM1 + 1) + βRM2 RM1
λ
=
ψT (RM1 + RM2 RM1 + 1) + βRM2 RM1

=

where
RM1 =

4θ
κ1
, RM2 =
4θ + κ2 + ψ1
ψ2
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9.2

Stochastic Realization: Clustered Tumor Initial Conditions
Initial Lattice

Snapshots of Cellular Automaton Simulation

Lattice After Event 384

Figure (15)

Lattice After Event 96

Lattice After Event 192

Lattice After Event 288

Lattice After Event 480

Lattice After Event 576

Lattice After Event 672

Sample stochastic CA simulation to visualize dynamics on the lattice.
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